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Nested sequents for the S5-cube:
Soundness



Nested sequents in the literature

Independently introduced in:
> [Bull, 1992]; [Kashima, 1994] ~» nested sedquents
> [Brinnler, 2006], [Briinnler, 2009] ~» deep sequents
> [Poggiolesi,gﬂﬁ}], [Poggiolesi, 2010] ~» tree-hypersequents

Main references for this lecture:
> [Lellmann & Poggiolesi, 2022 (arXiv)] ¢~
> [Brinnler, 2009], [Brinnler, 2&0 (arXiv)]¢—
> [Marin & StraBburger, 2014]
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent @ I multiset of formulas

A,B:=p|P|AAB|AVB

rrAa rI,B rAB
A \
Ip,p rAAB rAvB

Exercise. Faap I = A iff Fgagpre [, A, where T = (A | A €T},
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Nested sequents for modal logic

AB:=p|P|IAAB|AVB|DA|CA

AANB:=AVB AVB:=AAB ©ODA=0A OA:=DA
A—->B:=AvV

A
B : )

3>| i

Nested sequents (denoted I', A, ...) are inductively generated as follows:

> A multiset of formulas is a nested sequent;

If I and A are nested sequents, then I', A is a nested sequent
N . —

If I is a nested sequent, then [[] is a nested sequent
We call [['] a boxed sequent. =

Nested sequents are multisets of formulas and boxed sequents

Atyeo A (D], [A]
| S
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Trees

M=Amn...,Am A ... [A0)]

To a nested sequent I" there corresponds the following tree tr(I"), whose
nodes v, 4, ... are multisets of formulas:

N4 V4
ta(8s) A (Aa) o ta(Bm)
b (7) =

The formula interpretation i(I') of a nested sequent I is defined as:
> lfm=n=0,theni(l) =L
> Otherwise, i(l) := Ay vV --- VvV Ap v O(i(A4)) v --- v O(i(Ap))

4/26



Examples
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Examples

BDeBa D4 Do
)T s A (B8] ay ] N4
whek ir ()7 A
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Examples

'151,?51 'b;i\ /E’z
T .o, B a) 1 b) )
! e.e.] Vg A A (BB

wheat i 4 (r)?
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Examples

i) r - H, [&L.Bll
whet in 4o (r)?

2) . A [8e,0e,[eln]
whok in 44 (T)7

0‘:) 'bi\BZI D

f

A

Da D2
by N/
A
4 D
N/
) e, B2
T
A
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Examples

i) r - A, [&L.Bll
wheat i 4 (r)?

D . A Em,b%

whok in 44 (T)7

0‘.] 'bi\BZI D
Vo1

A

Da D2
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A

4 D
N/
) B, B2
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Examples

1) r- Hl [&L.Bl‘l
whet in 4o (r)7?

5’-) = Q.[Bi,bx,EC].D]
whok in 44 (T)7

) - 8 [e0.1 [ 01l
w%mk in {n(r)?

flf)i.%z
o) 1
Voo
C
[
OL\ 15 1\ {5 2) t)
Vo
A
D
f
C
o) T
Be, D2
1

De %,
by N/
A
C D
N/
¢) B, B2
T
A
D
1
D, Ba _\C
n NS
A
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Examples

1) r- Hl [&L.Bl‘l
whet in 4o (r)7?

) = 8 [BA,DL,EC].D]
whok in 44 (T)7

) 7= 8, (Be,d2] [elnll
w%oJc in {n(l’)')

'151.?51 De %,
1 » N/
A A
c C D
[ N/
) By, B2 D ) e, B2
Vol
A A
e D
f 1
C Pﬁm "_TC
1 n NS
Be, D2 v A
1

A H[%glﬁzltcpto—l]]
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Contexts

A context is a nested sequent with one or multiple holes, denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context ['{ }

> Binary context '{ }{} {1 r{aa{d.]
r{i}}- a0e,13,0{11, <] ] A,
As, D, merkeod Mc(ue\,*/s T T

F{A'L%"AZT) = Q.EB,A'il[AZ], C] Tb'{ %’C 15' A""C
. T f
rig}ind = a3, [ 4] c] o o

ciadgd=a0®,04,0 7, cl
The depth depth(I'{ }) of a unary context '{ } is defined as:

> depth({}) := 0; dw{,&(l—{ 1] AL'D:i
> depth(I'{}, A) := depth('{ });

+ depth([T(1]) i depth(T( 1) + 1. oepte (T3ad] 3 -2
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Rules of NK

FA] T(B) r(A,B)
init
fppl | TAAB  TIAVB
MAD TIoAL[A,A])

O

foAl © T1oA,[A])

Example. Proof of (O0p — 0qg) — o(p — g) in NK

init

L OP: (b, P, q] m: ©q,[q,p,q]
op, [, q] ©q. [p, ]
i Op A G, [p V4]
Op A©g.0(PV Q)
(opAog)vo(pVa)

V
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Roadmap

O ek of faumaba, A s

HALBERT - STYLE LoGicAL
AxXi0% SYSTEM CoNSEQUENTE

(R < > [ER
~ 7~

NESTED
SEQUENTS







Validity of nested sequents

For a nested sequent I' and a model M = (W, R, v), an M-map for ' is a
map f : tr(I) — W such that whenever 6 is a child of y in tr(T'), then

f(y)RF(5).

A nested sequent I' is satisfied by an M-map for I iff

M, f(8) E B, for some ¢ € tr(I), for some B € §

A nested sequent I is refuted by an M-map for I iff

M, f(8) =B, forallsetr(l), forall Be§

For X C {d,t, b, 4,5}, a nested sequent is X-valid iff it is satisfied by all
M-map for ', for all models M satisfying the frame conditions in X.
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Soundness of NK

Lemma. If I is derivable in NK then % [ is valid in all Kripke frames.

Proof. imcluwetion om e Kaﬂ&/c of tRe dercvokion of T. We meeel to
X 'inaew +Qok w{—,;ae M_c(,u,e\)fo one wolel, anol [Mfaz,\,\cz veedeo

Jatremne waliclity.
ria R}

' - io meb waliel.

e T o o
mm i) o moolel Y= LW, R w) ook 8 %-'Ev:%f o O oAk for
N ne (), g@tw@e Be A, n,f((q)gm g bt

fon fpoaticndar o Y f(y) ¥ DR TR Elaene 42

w amedd Y w R

‘sz cIppe ta(FICAT). Defive g(8) = v, M;{es(”‘-) = {(m),

n ol n 7S belomepiog {o ta (r1CAT3). Mf:io(o Rat g io an

H - maedfo Agw F{Eﬂ]?,wo& it %e?bl-w 1he aeq - o
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Rules for extensions: NK U X°

LTIOAJAL  TI0AA] T([A.0ALA)

foAl S TioAl | TIA0A]
[{OA,[0A, A]} MOAHOA]

4 50 depth(I(}{0)) > 0
— [{OA,[A]} M{OA}{0}

For X C {d,1,b, 4,5}, we write X° for the corresponding subset of
{d°, 1%, b®, 4°,5°}. We shall consider the calculi NK U X°.

Example. Proof of op — oop in NKU :/,4}

"' 95, 0B, (0B, . ]
o OP:1oP. [2P. Pl
4o OP- (0P [P]]
_2p. [[p]]
_Op.[op]
Op,00p
! Op Vv oop
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Structural rules

oy MA, A MA) T{A)
VAY Haj roj

For X C {d,t,b,4,5}:

Lemma. The rules wk and ctr are hp-admissible in NK U X°.

Lemma. All the rules of NK U X® are hp-invertible.

Proposition. Rule 5° is derivable in NK U {57, 55,55} U {wk}.

[{OA}{OA]
5¢ ———————— depth(I'(}{0}) > 0
[{OA}0}
. A, 0A], ©A} 5 A, OA], [N, CA]} 5 [A, OA, [N, OA]]
LT{[A 0A]) © A AL A " [, oA, [A]])

Lemma. If T is derivable in NK U X® then 4 T is valid in all X-frames.
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Nested sequents with explicit contraction

Rules of NK

FA,A) [A) T(B) (A, B)
init ctr
rp.p) ra TiAnB TIAVEB)
Dr{[A]} . MoA; [A, A}
[(OA) " T0A,[A])

Rules for extensions
- oA [A]) . [{SASA) oo M{[A, ©A], A}

ctr r{<>A} ctr r{<>A} ctr r{[A,OA]}
[{OA, [A; A]) MeAOA]
4 55, depth(I'(}(0)) > 0
F{OA,[A]} [{OAHD)

For X € {d,t,b, 4,5}, we write thr for the corresponding subset of
{d<> t<> b<> 4<> 5<>

ctr> “ctr> “ctr> “ctr? ctr}'

Lemma. The rule wk is hp-admissible in NK U X°.

Proposition. T is derivable in NK U X? iff " is derivable in NK, U Xftr.
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Roadmap

et us5?

U nek o foromias, A fomsclo
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Nested sequents for the S5-cube:
Completeness



Three problems for completeness

> Axiom 5, that is, A — OOA, is valid in all {b, 4}-frames, but it is not
derivable in NK U {b®, 4°}.

Failed proof of ©A — OGA in NK U {b®, 4°}

r{taodlal
_ I
o [P]_, P [0p] r{a013
_[pl. [op]
op, OOp {oa 1213

\%
op v oop
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Three problems for completeness

> Axiom 5, that is, 0A — OCA, is valid in all {b, 4}-frames, but it is not
derivable in NK U {b®, 4°}.

> Axiom 4, that is, A — O0A, is valid in all {t, 5}-frames, but it
is not derivable in NK U {t°, 5°}.

> Axiom 4, thatis, A — 0OoOA, is valid in all {b, 5}-frames, but it is not
derivable in NK U {b®, 5°}.

Failed proof of A — OGA in NK U {b®, 4°}

. [PL.p. [oP]
JMJOM
_op. [op]

op, Oop
0B v oop
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Solution # 1

For each set of frames characterised by the 5-axioms, there is at least
one combination of modal rules which is complete.

For X C {d,t,b, 4, 5}, the 45-closure of X is defined as:

X U {4} if {b, 5} € X or {t,5} € X
X ={XuU{5} if {b, 4} € X
X otherwise

We say that X is 45-closed if X = X.

Proposition. For X C {d,t,b, 4,5} X is 45-closed iff, for p € {4,5}, it holds that
if p is valid in all X-frames, then p € X.

To prove:

Theorem (CompIeAteness). For X C {d,t,b,4,5}, if [ is X-valid, then T is
derivable in NK U X°.
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Solution # 1 - Semantic completeness [Brinnler, 2009]

Theorem (CompIeAteness). For X C {d,t,b,4,5}, if [ is X-valid, then I is
derivable in NK U X°®.

HiLBERT - STYLE 1CAL
AXioX SYSTEW ccl;f/?géﬂuewcé
Coh? < 7 TrA
S
SOUNDNESS
b TR
Nkv K9
NESTED

SEQUENTS
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Solution # 1 - Syntactic completeness

Theorem (Cut-elimination). For X C {d,t,b, 4,5} 45-closed, if I' is derivable
in NK U X® U {cut}, then it is derivable in NK U X°,

The proof uses:
> A generalised version of cut (eliminable)

CIALIA] |, TI0A[0A, A]) r{ot (817
[ R —— rr— —_— é é-,A
MDA [A] oA, [A]) 5 oA, rof, 473 [{oM [0 ]L/C
{IAVY r{LoaA17

> Additional structural modal rules (admissible)
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cut and Y-cut

TIA] A o BANOIT TIOA}(OA)
o) rojo"
In the Y-cut: ntimes
—_———
> {A}" denotes {A}...{A};
> n>0;
> Y C {4,5};

> there is a derivation of [(GA}{GA]" to [[OGA(0)" in system Y©.

The rank of the cut formula A is defined as the complexity of A, plus one.
The cut rank of a derivation is the maximum of the ranks of its cuts.

The notions of cut rank-preserving admissible rule and cut
rank-preserving invertible rule are defined analogously to the notions of
hp admissible rule and hp invertible rule.
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Example: 4-cut

cut ———— Y-cut

o} rojo)"

[A} T{A) T(DA}0)" T{OA}[OA)" §

IfY = {4}, then I'{ }{ }" is of the form I'1{{ }, 2{ }"}:

—_—~——

4_Ctr1{{DA}, M0} T1{A}, T2{0A}"
—~ r1{{0}, r={0}"}

M[ALIA] ,, [(0A.[0A. A]) ALy
“ToA. [A]) [OA[A]] W (DA, [A]) T{0A,[0A,A])

cut 4-cut

A HAD
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Example: 4-cut

TA} T{A] TOAJOI" T{OA} A"
cut ——m8M8 Y-cut

o} royo"

IfY = {4}, then I'{ }{ }" is of the form I'1{{ }, 2{ }"}:

F{DAL {0} T1{{OA), To{0A})
r1{{0}, r={0}"}

4-cut

o1t [ 14

PSR AR
M[ALIA] ,, [(0A.[0A. A]) ALy
“TOAA]  TOA A~ = TIDAA] [10A,[0A.A])

A HA]

—_—
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Structural modal rules

rifo H[A]) M [A]]

dll il pll 14
{0} A} A, [Z]}

A A [Z]) RVANIH

51
H[ALZ]) RURVAY

depth(I'{ }{0}) > 0

For X C {d, t,b, 4,5}, we write X! for the corresponding subset of
(dtl, 1, pll, 411, 501},

Example. Proof of ©A — 0¢A in NK U {bll, 4l]}

" lp.pL ol
0L 0Pl
~, 11 op]

_pl.[op]
op, [0p]

? op, Oop
! op v oop
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Towards admissibility of structural modal rules

Problem: Rule dl! is not admissible in the presence of cut.

Solution:
> Show how derivations in NK U {t®,b®, 4°,5°} u {dl!} U {cut} can be
transformed into derivations in NK U {t°, b, 4°,5°} u {dl1};

> Show that dl! is admissible in NK U X?.
For X C {d,t,b, 4, 5}:

Lemma (Weakening, Contraction). The rules wk and ctr are height- and
cut-rank preserving admissible in NK U X® U {dl!} U {cut}.

Lemma (Invertibility). All the rules of NK U X® U {(dll} U {cut} are height- and
cut-rank preserving invertible.
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Admissibility of structural modal rules

Lemma (Admissibility of structural modal rules).
(i) Let X C {t,b, 4,5} be 45-closed, and let p € X. Then rule pl! is cut-rank
preserving admissible in NK U X° U {cut} and in NK U X® U {cut} U {dl]}.

(i) Let X C {d,t,b, 4,5} be 45-closed, and letd € X. Then rule dl! is
admissible in NK U X°.

Proof. Case bll is admissible in NK U {b®, 4, 5%} U {cut} U {d[]}.

o = Al

HA, [Z])
o [[0A. L[ oA A} L [oA.Z. [ 0A. A]]
oy [l[oA. T [A]] w TI8.0A[0A Y]

HA, [0A, Y]} A, [OA, X]}
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Reduction Lemma [?rc L5-clored

Let X C {t,b,4, S}Qd let Y be a subset of {4,5} N X. Then:

> Let D be a proof in NK U X® U {cut} (or in NK U X® U {cut} U {serl]}) as

displayed below, with cr(D;) = cr(D;) = p)= c(A). Then, we can
construct the proof D* below in the same system, with cr(D*) = p.

@—vv ~ v

)I"!‘i cut r{@}

> Let D be a proof in NK U X® U {cut} (or in NK U X® U {cut} U {serll}) as

displayed below, with cr(D;) = cr(D.) = p = c(A). Then, we can
construct the proof D* below in the same system, with cr(D*) = p.

@:VVW

M(oA}(0 Aj"
(] }{(2)}

Proof: By induction on the sum of heights of D¢ and D..

Y—cu
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Two cases of the Reduction Lemma

(pLe) L OARASL A
@F{DA’[A]} [OA[Al @F{DA,[A]} [(OA, [0A, A])

MALIED [(OA, [0A,[A. Z]])
@WDA, [l T(oA[CA[Z]])

T
(AL L))
rALIED |, TOAEI
~ gm 4_0;”5/“,[[12]]} [oA, [0A, [A, X]))
o A ID FA, =]))

MDD
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Roadmap

Theorem (Cut-elimination). For X C {d,t, b, 4,5} 45-closed, if I" is derivable
in NK U X® U {cut}, then it is derivable in NK U X°.

HILBERT - STV LE
AxXiox SYSTEM

r k@xﬂ <

SYNTRCTIC
COMPETENESS
~

— cuT - ELIVINATIOV
- A

NKU X© U ok

NESTED ~
SEQUENTS w.cUL

N
>

LoGicAL
CONSEQULENCE

r;?—Lﬂ
I~

SOONDNESS
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Solution # 2

Can we get rid of the 45-closure condition?

YES: by adding to NK both the propagation rules X® and the structural
rules X!1. The price to pay is that contraction is no longer admissible.

Theorem. For X = {d,t,b, 4,5}, and I a set of formulas, it holds that
[ is derivable in NKg, U XS, UXU iff T is X-valid.

Can we get rid of the propagation rules, and use NKg, U XI1 ?

NO, some combinations are incomplete, and one example is given in
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Conclusions



Comparison

Within the S5-cube (X C {d,t,b, 4,5}):

fml. invertible | analyti- | termination | counterm. modu-
interpr. rules city proof search constr. larity
labK U X no yes yes yes, for most | yes, easy! yes
HS5 yes yes yes yeskk'»""& yes, easy! no (N.ﬂ
(]
NK U X® . yes . yes . yes . yes . yes . 45-clause
3K v x v v mot

MJ-% mo (UH‘.)

And beyond the S5-cube?

















Comparison

Within the S5-cube (X C {d,t,b, 4,5}):

fml. invertible | analyti- | termination | counterm. modu-
interpr. rules city proof search constr. larity
labK U X no yes yes yes, for most | yes, easy! yes
HS5 yes yes yes yes yes, easy! no
NK U X® . yes . yes . yes . yes . yes . 45-clause

And beyond the S5-cube? comfluence = ¥y 2 («R yAxR2 > Jw(ygR KA 2Rx))
) K

>4 75,0
PO AT W S A )
—_’,/_’_— _

%R818R2IRI A - 52 r,EA], [Z]
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Comparison

Within the S5-cube (X C {d,t,b, 4,5}):

fml. invertible | analyti- | termination | counterm. modu-
interpr. rules city proof search constr. larity
labK U X no yes yes yes, for most | yes, easy! yes
HS5 yes yes yes yes yes, easy! no
NK U X® . yes . yes . yes . yes . yes . 45-clause

o imdexed NS [Mosi & s{mpma«,m;]
And beyond the S5-cube?  comluence : Yoy 2 (xR y ~xR2 > Jr (4R ka 2Rk))

Aoy ) K i
5RK,2RK,%R8/3R21&"’=>AK[ T E[A'tj], LZIE]]
__’,/_’_— L _

xRy yR2 R0 - 2 T, a1, 0]



A few words in conclusion

» There is no good or bad calculus, rather there are different calculi with
different properties. The “right” calculus to consider (if there is any) depends
on your aim

> Labelled and structured calculi are different but not necessarily opposite or
incompatible approaches

> In some cases, mutual translations between labelled and structured
sequents, labelled and structured derivations
> Possibility to combine labels and structure in the same calculus

» We have presented the most standard (and possibly simplest) extensions of
the sequent calculus. However, once established that one can extend the
language or the structure, there is no limit to imagination: 2-sequents,
display calculus, sequents with histories, linear nested sequents, grafted
hypersequents, etc.

» We have presented labelled and structured calculi for the S5 cube of normal
modal logics because it is a well-known family of modal logics, and it is the
context where this solutions have been initially developed. However, the
same or similar solutions have been applied to many other kinds of logics:
non-normal modal logics, intuitionistic modal logics, conditional logics,
temporal logics, intermediate logics, etc.



Questions?

fml. invertible | analyti- | termination | counterm. modu-
interpr. rules city proof search constr. larity
labK U X no yes yes yes, for most | yes, easy! yes
HS5 yes yes yes yes yes, easy! no
NK U X® ‘ yes ‘ yes ‘ yes yes yes 45-clause



A few words in conclusion

» Questions, suggestions, discussion etc. are very welcome
“m.girlando at uva dot nl” “tiziano.dalmonte at unibz dot it”

» Thank you for attending, we hope you enjoyed the course



